A general procedure is developed for stability of stiffened conical shells. It is used for studying the sensitivity behavior with respect to the stiffener configurations. The effect of the pre-buckling nonlinearity on the bifurcation point, as well as the limit-point load level, is examined. The unique algorithm presented by the authors is an extended version of an earlier one, adapted for determination of the limit-point load level of imperfect conical shells. The eigenvalue problem is iteratively solved with respect to the nonlinear equilibrium state up to the bifurcation point or to the limit-point load level.
Introduction
Buckling and loss of stability of stiffened conical shells is one of the most important and crucial failure phenomena of such structures. In the structures in question, an important feature is their nonlinear pre-buckling behavior; consequently, treatment of the buckling phenomenon as a linear eigenvalue problem (assuming a linear pre-buckling solution) is unsuitable for predicting their buckling. Furthermore, the nonlinear behavior of shell-like structures is generally characterized by a limit point, thus their load capacity is strongly affected by their initial imperfection (hence the concept ''imperfection sensitivity").
Generally, there are two main ways for reducing the imperfection sensitivity. The first is building-up with rings and axial stiffeners (see, for example, Hutchinson and Amazigo (1967) , Hutchinson and Frauenthal (1969) , Arbocz and Sechler (1976) , Sheinman and Simitses (1977) , and Simitses and Sheinman (1978) ); the second is composite laminated layups (see for example Sheinman et al. (1983) and Simitses et al. (1985) ). Unlike their cylindrical counterparts, in stiffened conical shells the spacing of the stiffeners varies with the shell coordinates, which ultimately results in coordinate dependence of their contribution to the stiffness coefficients. Recently, Goldfeld and Arbocz (2004) studied the influence of variation of the stiffness coefficients on the buckling behavior of laminated conical shells.
So far, most of the relevant studies have been limited to the simplified theoretical treatment assuming membrane-like or linear pre-buckling. However, there are a few studies where the influence of the pre-buckling state is taken into account. Brush (1980) considered the effect of pre-buckling rotation in a cylindrical shell and improved accordingly the buckling load obtained without it. Famili (1965) studied the asymmetric behavior of truncated and complete conical shells under uniform hydrostatic pressure, taking into account the large deformation in the pre-buckling state. Zhang (1993) studied, in the same manner, the buckling and initial post-buckling behavior, with allowance for the nonlinear pre-buckling behavior, under axial compression 0020-7683/$ -see front matter Ó 2008 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2008.07.029 and hydrostatic pressure. The limitation in both Famili's and Zhang's works is assumption of an axisymmetric pre-buckling solution and recourse to WF formulation (where W is the normal displacement and F is the Airy stress function). For general structures, using the finite-element technique, Brendel and Ramm (1980) devised an improved scheme for prediction of the critical load, with additional linear buckling analyses carried out at a number of intermediate load levels preceding instability. Chang and Chen (1986) proposed a scheme for prediction of the real buckling load based on combination of the linear and nonlinear analyses and disregarding the stiffness terms which are quadratically dependent on the generalized displacement.
On the nonlinear behavior of conical shells (to the best of the authors' knowledge), very few research works have been published. Spagnoli and Chryssanthopoulos (1999) used the FE package ABAQUS to investigate imperfect widely stiffened conical shells under axial compression. The stability of imperfect steel conical tanks under hydrostatic pressure was studied by El Damatty et al. (1997) with the aid of a finite-element formulation based on a consistent shell element containing both geometric and material nonlinearities. El Damatty and Nassef (2001) applied an optimization technique based on binary coded genetic algorithms and a nonlinear finite element model, to identify the critical imperfection pattern for thin conical welded structures. However, the finite-element method is inappropriate for extensive parametric study because of the large number of degrees of freedom.
From the analytical point of view, two approaches are used in investigating the effect of pre-buckling nonlinearity on the bifurcation point (buckling load). (I) The full analysis which yields an exact prediction of the bifurcation point by finding the intersection of two (or more) equilibrium paths; this approach entails a heavy computational effort. (II) The eigenvalue approach, focusing on the nonlinear equilibrium state. The problem is solved iteratively until the eigenvalue for the current equilibrium state equals zero. This approach is substantially more effective and computationally cheaper (Jabareen and Sheinman (2006a,b) ).
The primary objective of the present paper is investigation of the buckling of stiffened conical shells with allowance for the nonlinear pre-buckling deformation. To this end, an algorithm developed by the authors (2006), and later modified by Jabareen (2008) will be used in this case in extended form rendering it suitable for determination of the limit-point of an imperfect structure. Specifically, the eigenvalue problem is solved iteratively about the nonlinear equilibrium state up to the bifurcation point or the limit-point load level.
The nonlinear differential operators of the equilibrium equations are derived by applying the variational principle. A special symbolic algorithm was developed for deriving the equations in explicit form. The solution procedure is based on expan- Poisson's ratio n normalized imperfection amplitude sion of the unknown functions in Fourier series in the circumferential direction and finite differences in the axial direction. Then, the Galerkin procedure is applied for minimizing the error due to truncation of the Fourier series. For the buckling solution, the perturbation technique is used to separate the nonlinear equations into nonlinear pre-buckling and linear buckling sets. Finally, the whole programming procedure is written in a MAPLE compiler whose output is the FORTRAN code NBISCS (Nonlinear Buckling and of Imperfect Stiffened Conical Shells), used for the parametric study.
Governing equations

Kinematic relations
The mathematical model is based on the Kirchhoff-Love assumptions, with the strains at any material point reading eðx; h; zÞ ¼ eðx; hÞ þ zjðx; hÞ;
ð1Þ where x, h, and z are the meridional, circumferential, and normal directions, respectively, e and j the membrane strains and the change of curvature, respectively. Let u(x, h), v(x, h), and w(x, h) be the components of the displacement functions of the shell in the x, h, and, z directions, respectively. Furthermore, letŵðx; hÞ be the initial geometric imperfection of the shell midsurface. Under the Donnell (1933) and Von Karman approach the strain-displacement relations are given by e ¼ e xx e hh c xh 8 > < > : 
where () ,x and () ,h denote the derivatives with respect to the axial and the circumferential coordinate, respectively; r(x) = R 1 + x sin(a) is the radius of the shell, R 1 the radius at x = 0 (see Fig. 1 ).
Constitutive relations
The internal force resultants N = {N xx , N hh , N xh } T and M = {M xx , M hh , M xh } T are defined by the following constitutive relation:
where A, B, and D are the membrane, coupling, and flexural rigidities, respectively. Following Baruch and Singer (1963) and Baruch et al. (1992) , the coefficients of the elastic matrices of axially stiffened isotropic conical shells are specified by
where E, m, and h are the modulus of elasticity, Poisson's ratio, and the shell's thickness, E st and A st the modulus of elasticity, and the cross-sectional area of the stiffener, respectively. bðxÞ ¼ ðb 1 =R 1 ÞrðxÞ is the spacing of the stiffeners in the circumferential direction, and b 1 being its value at x = 0, which can be expressed as b 1 ¼ 2pR 1 =N st . N st is the number of stiffeners in the circumferential direction, which should be sufficiently large to rule out local buckling. e st (see Fig. 1 ) is the distance between the centroid of the stiffener cross section and the shell mid-surface.
st is the moment of inertia of the stiffener cross-section about the shell mid-surface, and I st its counterpart about the centroid. The torsional rigidity of the stiffener is neglected here.
Equilibrium equations
The equilibrium equations governing the nonlinear static behavior are based on the Kirchhoff-Love hypothesis and obtained with the aid of the variational principle
where P is the total potential of the strains and the external loads functional. Using Gauss's theorem, the following set is obtained: 
The relevant boundary conditions being
where q u , q v , and q w are the external distributed loading in the three directions, respectively; ðN xx ; N xh ; Q xz ; M xx Þ; andðu; v; w; w ;x Þ are the external applied forces and displacements at the boundaries, respectively.
Solution procedure
The above eighth-order set is converted into an equivalent set of eight first-order equations by recourse to following variables:
The equivalent set, w i , reads 
where N is the number of terms in the Fourier series, n denotes the characteristic circumferential wave number determined by the one corresponding to the lowest buckling load. In some cases, this recourse to a characteristic wave number permits substantial truncation (Narasimhan and Hoff, 1971) ; for the general case in which all terms are significant, accurate representation of the unknown variables necessitates that n = 1 and N be sufficiently large. The external loads {q u , q v , q w }, and the imperfection shape,ŵ, can also be expanded in the same way: 
Minimizing the errors due to the truncation by applying the Galerkin procedure with g j ðhÞ ¼ cosðjnhÞ;
as weighting functions, we obtain the following nonlinear ordinary differential equations:
where W(Z) contains eight (2N + 1) nonlinear ordinary differential equations and {Z} is the unknowns' vector function, defined as
Finally, using the finite-differences scheme, Eq. (16) is converted into a nonlinear algebraic equation of the form FðU; kÞ ¼ 0;
where F is composed of nonlinear algebraic operators, U is the value of the unknown functions (Z) at each point of the finitedifference scheme, and k is the load-level parameter. For a given specific k, Eq. (18) is solved with the aid of the NewtonRaphson procedure.
Iterative solution of the buckling
The perturbation method has been applied for the stability of elastic structures in many research works (see Koiter, 1945; Cohen, 1968; Hutchinson and Koiter, 1970; Budiansky, 1974) . For the sake of completeness, it will be recapitulated here in brief and reorganized. The iterative eigenvalue algorithm will then be introduced. In this context, the unknown variables, U, can be written such
where the superscripts (0) and (1) refer to the pre-buckling and buckling states, respectively. Substitution of Eq. (19) in (18) yields sets of equations for the zero and first orders of the perturbation parameter, n. The sets corresponding to them are, respectively:
The nonlinear dependence between U (0) and the load-level parameter k is handled by using a Taylor series around the loadlevel parameter, k 0 ,
where U 
where K T is the tangent stiffness matrix and G is the geometric matrix, defined as
Obtaining the bifurcation point for perfect structures (k bif ) and the limit-point load level (critical load, k cr ) for imperfect ones is an iterative procedure. For a given initial k 0 ¼ k i 0 , the nonlinear pre-buckling state and its derivative, U (0) and _ U ð0Þ , respectively, are obtained. Substituted in Eq. (22) yield the eigenvalue Dk i and the eigenvector U (1) . The load-level at the next iteration of the eigenvalue procedure depends on its predecessor and the eigenvalue at the current iteration, and is given by
where i is the iteration number and b (b > 1) the convergence factor. The process is repeated until Dk i converges to 0, at which buckling sets in. Specifically, when Dk vanishes at k = k bif , the eigenvalue problem reads
For the nontrivial solution of equation, Eq. (22), the determinant of the tangent stiffness matrix vanishes (jK T j = 0), which is consistent with the well-known stability criterion for elastic static systems. A particular case of Eq. (22) is when the eigenvalue problem is applied at the undeformed configuration, i.e. k = 0 (note that the derivative of the pre-buckling solution is the linear solution at k = 1). In this case, Eq. (22) reduces to the classical eigenvalue problem which yields the classical buckling load k cl , namely
K L being the linear stiffness matrix and G 0 the geometric matrix about the undeformed configuration. Unlike Eq. (22), (26) does not necessarily satisfy the stability criterion.
Results and discussion
The main objective of the present study is the buckling of perfect and imperfect stiffened conical shells as well as investigation of the influence of the nonlinear pre-buckling deformation on the buckling load of stiffened conical shells. To this end, a special-purpose computer code NBISCS was developed for calculating the bifurcation point and the limit-point load level of a stiffened perfect and imperfect conical shell under arbitrary axial, torsional and hydrostatic-pressure loading.
The example presented here concerns an isotropic shell ( Fig. 1) for the perfect and the imperfect shell.
Perfect stiffened conical shell
The convergence of the iterative procedure for k in Eq. (24), which depends on the parameter b, is shown in Fig. 2 . Specifically, N xx is the applied axial force (load-level k i 0 in Eq. (24)) and N Ã xx is the calculated critical load, k iþ1 0 , defined by Eq. (24). It is seen that the spacing between two sequence points along the abscissa decreases, which shows the convergence behavior of the iterative technique to nonlinear pre-buckling solution. It is also observed that for small values of b (b = 1.5) a small number of iterations suffices to obtain Dk % 0 or N Ã xx =N xx;bif ¼ 1, and that the calculated points are located on the same smooth curve as for a large b (b = 10). Hence, the only requirement for b is to be greater than unity. It should be noted that for the case of b = 10 there are many calculation points (63 points) and they were replaced with a solid line. Moreover, it is seen that the classical buckling load (pre-buckling nonlinearity neglected, N xx =N xx;bif ¼ 0Þ is higher by about 25% than the real buckling load (effect allowed for) for the unstiffened shell, and by about 15% for the stiffened shell. Therefore the effect of the pre-buckling nonlinearity is more pronounced in the unstiffened shell case than in the stiffened cases. Fig. 3 shows the buckling mode shape for the unstiffened shell (Fig. 3a) , and for the three stiffener configurations (Fig. 3b-d) . It is seen that the buckling mode shape of the unstiffened shell is rather local (Fig. 3e ) compared with those of the stiffened cases.
The effect of eccentricity on the buckling load is shown in Fig. 4 . The normalized eccentricity ð e ¼ 2e st =ðh þ h st ÞÞ ranges from À1 (internal stiffeners) to +1 (external stiffeners). It is seen from Fig. 4a that the buckling load is insensitive to negative eccentricities, but begins to increase in the positive range. Fig. 4b shows that with the pre-buckling nonlinearity neglected, the classical buckling load exceeds the real one (bifurcation point) by 11-13%.
As for the effect of the vertex half-angle, a, on the buckling load (N xx;bif Þ, Fig. 5 shows that the external stiffeners yield the largest buckling load over the entire range, while the internal and centric stiffeners yield load close to that of the unstiffened shell.
Imperfect stiffened conical shell
From the analytical point of view, one of the main approaches that can be used for investigating the sensitivity to imperfection is tracing of the nonlinear equilibrium path with emphasis on the level and direction of change of the stiffness during loading. Under this approach, the sensitivity is measured by the load level at the limit point for a given initial imperfection. Specifically, in the present work, the initial symmetric imperfection was reproduced from Simitses (1986) as follows:
wðx; hÞ ¼ nh sinðpx=LÞ cosðnhÞ;
where n is the normalized imperfection amplitude. Before studying the sensitivity to imperfection and the stability of stiffened conical shell, it is necessary to carry out a convergence study in order to determine the number of the retained terms of the Fourier series needed for accurate prediction of the critical buckling load. Specifically, an imperfect conical shell with n = 0.3 is considered, and the error of the calculated critical buckling load (limit-point load level) vs. the retained terms of the Fourier series is plotted in Fig. 6 . The error is given by Error ¼ N xx;cr ðNÞ
where N xx;cr ðNÞ is the critical buckling load for a specific value of N, N xx;cr is its counterpart for N = 4. It is clearly seen that for the imperfect shell at least two Fourier terms may be needed for an accurate prediction. The critical load was obtained by the iterative (nonlinear) eigenvalue procedure, and validated by solving the set of equations describing the nonlinear equilibrium path. The convergence of the proposed iterative algorithm is presented in Table 1 for the external stiffeners case, and is seen to be fast. In Fig. 7 , the proposed model is compared, through out its range of application, against the commercial finite-element code, ADINA, whose computation time requirement is much higher (about twenty times compared to the computation time needed for the proposed algorithm). A shell element comprising nine nodes with six degrees of freedom each was examined. A convergence study was performed for the finite element simulation, and then a model containing 7200 elements (120 elements in the circumferential and 40 in the axial direction for the shell; 2 through the thickness and 40 in the axial direction for each stiffener), was chosen. Very good agreement was found for the normalized applied axial load, N xx =N xx;bif , versus the normalized average normal displacement at x = L/2. The effect of the imperfection amplitude, n, on the limit-point load level is presented in Fig. 8 . It is seen that the external stiffeners configuration is the most sensitive to imperfection, while the other two configurations are less sensitive -to about the same degree -with their bifurcation points almost coincident, and the unstiffened configuration is the least sensitive of all. The buckling modes at the critical load level with different imperfection amplitudes are plotted in Fig. 9 for the external stiffeners case. It is seen that the mode is global for a wide range of imperfection amplitudes. By contrast, the unstiffened configuration has a somewhat local buckling mode near the loaded edge for a small amplitude (Fig. 10a) , which tends to become global (Fig. 10b and c) as the amplitude increases. The transition from a local mode to a global mode is reflected in the corresponding curve in Fig. 8 (for the unstiffened case) as a sharp change in its slope, i.e. discontinuity in the relevant derivative. The respective behavior is illustrated in Fig. 11 , showing the local and global buckling mode regions. Fig. 12 shows that the curve associated with SS1 -SS4 also exhibits a transition point. Thus, the results are identical for both cases when the buckling mode is global. In the exter- nal-stiffeners configuration case, Fig. 12b shows that the buckling load associated with SS1 -SS4 is smaller than its counterpart for SS3 -SS4, but the differences between the two curves are much smaller than in the unstiffened case.
Summary
A procedure for studying the buckling and the imperfection sensitivity of stiffened conical shells is presented. The effect of the pre-buckling nonlinearity on the bifurcation point as well as the limit-point load level was examined. A special-purpose computer code was developed and used in the parametric study. One of the main conclusions is that the classical eigenvalue approach does not necessarily satisfy the elastic static stability criterion. Therefore, for determination of the real buckling load (both the bifurcation and limit points) the pre-buckling nonlinearity has to be taken into account. Moreover, it was shown that stiffening may change the imperfection sensitivity as is well known in literature for cylindrical shells. Specifically, external stiffeners tend to increase both the sensitivity and the buckling load.
